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An important tool in the ﬁeld of metamaterials is the extraction of effective material parameters from
simulated or measured scattering parameters of a sample. Here we discuss a retrieval method for thinﬁlm structures that can be approximated by a two-dimensional scattering sheet. We determine the
effective sheet conductivity from the scattering parameters and we point out the importance of the
magnetic sheet current to avoid an overdetermined inversion problem. Subsequently, we present two
applications of the sheet retrieval method. First, we determine the effective sheet conductivity of thin
silver ﬁlms and we compare the resulting conductivities with the sheet conductivity of graphene.
Second, we apply the method to a cut-wire metamaterial with an electric dipole resonance. The method
is valid for thin-ﬁlm structures such as two-dimensional metamaterials and frequency-selective
surfaces and can be easily generalized for anisotropic or chiral media.
& 2012 Elsevier B.V. All rights reserved.
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1. Introduction
The development of metamaterials, i.e., artiﬁcial microstructured materials in which small, subwavelength electric circuits
replace atoms as the basic unit of interaction with electromagnetic
radiation, has been a vibrant research topic in the ﬁeld of nanophotonics during the past decade [1–3]. Structuring metamaterials
on a subwavelength scale makes it possible to create electromagnetic media with properties not found in natural materials, while
still allowing to describe them as effectively continuous media with
constitutive parameters such as the electric permittivity and the
magnetic permeability [4]. With appropriately designed constituents, it was shown feasible to design metamaterials with exotic
material response, e.g., magnetism at terahertz and optical frequencies, simultaneous negative permittivity and negative permeability
(the so-called left-handed materials) [5], giant chirality [6], and
slow-light media [7–9]. The ﬁrst metamaterial was fabricated in
2001 by combining metal wires exhibiting negative permittivity
and split-ring resonators (SRR) exhibiting negative permeability in a
single material [10]. SRRs are still commonly used in the microwave
band, but have been replaced by other magnetically resonant
structures such as slab-wire pairs and ﬁshnets at terahertz frequencies and above, since these meta-atoms ease the problem of
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saturation of the magnetic response at those frequencies [11] and
also simplify the fabrication.
Metamaterials exhibit novel electromagnetic phenomena,
such as backward wave propagation, negative refraction, and
inverse Doppler effect [12]. Furthermore, they enable the compensation of the propagation phase and the restoration of the
amplitude of evanescent waves in optical structures, resulting in
lenses with subwavelength resolution [13] and photonic devices
going beyond the diffraction limit [14–17]. Through the technique
of transformation optics, metamaterials with arbitrary values of
the permittivity and permeability ultimately allow for maximal
control over light propagation, which has led to surprising new
physics such as invisibility cloaks, beam transformation, and
frequency conversion in linear media [18–21].
A basic tool in the study of metamaterials is the so-called
retrieval method, i.e., the extraction of effective medium parameters corresponding to a metamaterial with given microscopic
structure. Effective material parameters are important because
they make the link between the microscopic response of metamaterials and the homogeneous macroscopic media assumed in
many proposed applications. We assume here that the metaatoms are sufﬁciently subwavelength, so that the effective
response is only weakly spatially dispersive and, hence, can be
described by frequency-dependent polarization and magnetization ﬁelds [22]. For ease of presentation, we assume here (twodimensional) isotropy in the plane of the thin-ﬁlm structure, but
the considerations below can be straightforwardly generalized for
anisotropic samples.
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There are several methods to determine the effective material
parameters. One approach involves the averaging of the electromagnetic ﬁelds following their deﬁnition [23]; the volume averaging can sometimes be replaced by line and surface averages
[24]. These averaging methods and other methods requiring the
knowledge of the microscopic ﬁelds [25] are, however, often
difﬁcult to apply, since it is complicated or even impossible to
obtain the microscopic ﬁelds. Another approach involves comparing the metamaterial sample with a slab of a homogeneous
medium and determining the constitutive parameters of the slab
that gives the same scattering matrix as the metamaterial
[26–28]. This is attractive, because scattering experiments can
be easily set up, both experimentally and numerically. One
problem that arises when using the latter retrieval method with
thin-ﬁlm samples is choosing a suitable length of the slab [29].
Since the thickness of such thin-ﬁlm samples is typically much
smaller than the wavelength, it makes actually more sense to
compare it to a two-dimensional current sheet and characterize
the sample by sheet susceptibilities [29] or sheet currents (this
paper) that result in the same scattering parameters as obtained
for the metamaterial.

2. Retrieval method
The two-dimensional retrieval method starts from a rather
standard problem of electrodynamics—the scattered ﬁelds of a
two-dimensional sheet carrying electric and magnetic sheet currents.
The problem is sketched in Fig. 1. A plane wave Einc exp½iðk== 
r þ k?  rotÞ illuminates the current sheet and is scattered into a
reﬂected wave REinc exp½iðk==  rk?  rotÞ and a transmitted
wave TEinc exp½iðk==  r þk?  rotÞ. Since the current sheet is
assumed to have a linear response, we can work in the harmonic
regime, and we will drop the factor expðiotÞ from now on.
The incident and scattered waves must satisfy the boundary
conditions
n  ðDD0 Þ ¼ re ,

explain below how an effective magnetic sheet current originates
in a thin-ﬁlm sample.
Substituting the incident and scattered ﬁelds in Eqs. (1)–(4),
and using the identity H ¼ k  E=ðom0 Þ, yields
je ¼

1

n  ðBB Þ ¼ rm ,

ð2Þ

n  ðEE0 Þ ¼ jm ,

ð3Þ

n  ðHH0 Þ ¼ je ,

ð4Þ

where n is the surface normal of the current sheet, je and jm are
the electric and magnetic sheet currents, respectively, D is the
electric displacement ﬁeld, B is the magnetic induction ﬁeld, E is
the electric ﬁeld, and H is the magnetic ﬁeld. It might seem
strange that we include a magnetic sheet current here, but we
will see that this is essential to the retrieval method and we will

Fig. 1. Scattering of a plane wave by a two-dimensional current sheet with
electric sheet current je and magnetic sheet current jm.

ð1RTÞn  ðk  Einc Þ

om0
1

¼z

ð1RTÞðEinc Þ== ,

ð5Þ

jm ¼ ð1þ RTÞn  Einc
¼ zð1 þRTÞðHinc Þ== ,

ð6Þ
1

where z is the wave impedance deﬁned by z ¼ k? =ðom0 Þ, Z0 is
the characteristic impedance of vacuum, and k0 ¼ o=c is the freespace wavenumber.
To ﬁnd the conductivities, we have to relate the sheet currents
ðmÞ
to the local ﬁelds, je  sðeÞ
== Eloc and jm  s== Hloc . Since the current
sheet carries electric as well as magnetic sheet currents, both the
electric and magnetic ﬁelds have discontinuities at the current
sheet. Therefore, the local ﬁelds must be deﬁned as an average
across the current sheet:
E== þE0==

Eloc ¼

2

Hloc ¼

H=== þ H0=
2

1
ð1 þ Rþ TÞðEinc Þ== ,
2

¼

¼

1
ð1R þTÞðHinc Þ== :
2

ð7Þ

ð8Þ

Combining Eqs. (5) and (6) with Eqs. (7) and (8), we arrive at the
formulae that give us the effective conductivities that are commensurate with given (measured or simulated) scattering coefﬁcients:


2 1RT
ð9Þ
sðeÞ
== ¼ z 1 þR þ T ,

ð1Þ

0
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sðmÞ
== ¼ 2z


1 þRT
:
1R þ T

ð10Þ

This is the central result of this paper.
It is interesting to note that these formulae can be uniquely
inversed
T¼

ðmÞ
4sðeÞ
== s==
1

ðeÞ
4 þ 2zs==
þ 2z

ðeÞ ðmÞ
sðmÞ
== þ s== s==

1

R¼

2ðzsðeÞ
== z
4 þ2zsðeÞ
== þ2z

1

,

sðmÞ
== Þ

ðeÞ ðmÞ
sðmÞ
== þ s== s==

ð11Þ

ð12Þ

from which it is obvious that there is an isomorphism between
the scattering parameters and the sheet conductivities. Consequently, the thin sheet retrieval does not suffer from the ambiguities encountered in the traditional retrieval method, such as
branch cuts, residue classes, or free parameters (the slab thickness). We can now also understand why we need the magnetic
sheet current; without the magnetic sheet current, the retrieval
problem would in general be overdetermined with only one
complex parameter (the electric sheet conductivity) determined
by two complex scattering coefﬁcients (R and T). Of course, if the
sample can really be considered as an electric current sheet, the
reﬂection and transmission coefﬁcients are related by 1 þR¼T
and the inversion would not be overdetermined. Nevertheless, it
may probably be better in practice to use Eqs. (9) and (10) and
then check whether the magnetic sheet conductance is negligible.
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4. Application to a single-layer metamaterial

3. Application to thin silver ﬁlms and comparison with
graphene
Thin conducting ﬁlms are frequently employed in nanophotonics. Gold and silver are normally used because of their
moderate losses and relatively easy chemical handling. Nevertheless, dissipative losses in those metals are still appreciable at
optical frequencies and it is, therefore, interesting to search for
alternative conducting materials. Here we want to compare a
silver ﬁlm with graphene. The conducting properties of silver are
characterized by its frequency-dependent bulk conductivity in
S/m. As a two-dimensional electronic system, graphene is characterized by its sheet conductivity, which is almost ﬂat and equal
to sg ¼ 6:08  105 S starting in the infrared and extending into
the visible frequency band.
In order to compare the current transport in thin silver ﬁlms
and graphene, we use our sheet retrieval method to describe the
properties of silver ﬁlms with thickness between 10 nm and
40 nm by sheet conductivities. We ﬁrst calculate the scattering
parameters for silver ﬁlms at a wavelength of 1:55 mm using the
Drude model from Ordal et al. [30] for the bulk conductivity (note
that the Drude model in Ordal et al. has been ﬁtted against
experimental data from thin ﬁlms consistent with the ﬁlm
thickness here) and then we apply Eqs. (9) and (10). The resulting
sheet conductivities are plotted in Fig. 2(a) and (b). The magnetic
sheet conductivity is negligible for the thinnest ﬁlms, but its
imaginary part reaches 1% of the vacuum impedance at a thickness of approximately 25 nm. For thicker ﬁlms, the response of
the silver ﬁlms can no longer be described properly by a sheet
model. A 25 nm silver ﬁlm has an electric sheet conductivity of
sðeÞ
== ¼ 0:48=Z0 ¼ 1262 mS, to be compared with the sheet conductivity of graphene equal to sg ¼ 60:8 mS. So even for relatively thin
ﬁlms, the current transport in silver ﬁlms is more efﬁcient than in
graphene at infrared and optical frequencies.

As a second example, we determine the effective sheet conductivity of a single-layer metamaterial. The unit cell of the
metamaterial, shown in Fig. 3, consists of a simple cut-wire made
from copper. The cut-wire has a quasistatic electric dipole
resonance. We have calculated the scattering parameters using
a frequency-domain electromagnetics solver (CST Microwave
Studio). One unit cell is simulated with mirror symmetry boundary conditions (PEC/PMC) to model a periodic array of cut-wires.
The resulting scattering parameters and the absorption of the
metamaterial are plotted in Fig. 4. We see that there is a
resonance—the electric dipole resonance—at 25 GHz where the
incident wave is highly scattered and we observe a peak in the
absorption around the same frequency.
The retrieved electric sheet conductivity following Eqs. (9) and
(10) is plotted in Fig. 5. (The magnetic sheet conductivity is
several order of magnitudes smaller than the electric sheet
conductivity.) The electric sheet conductivity has a clear Lorentzian resonance, a fact that we have checked by ﬁtting a Lorentzian
function

sðeÞ
== ¼

ikf
2

2

f þ iGf f r

ibf

ð13Þ

l2 = 2000 µm
w1 = 40 µm

a y = 2040 µm
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Fig. 3. Unit cell of the single-layer cut-wire metamaterial considered here; the
dashed line indicates the unit cell boundaries. The wire has large end caps to keep
the lattice constant sufﬁciently below the wavelength.
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Fig. 2. (a) Effective electric sheet conductivity of thin silver ﬁlms as a function of
ﬁlm thickness at l ¼ 1:55 mm. (b) Effective magnetic sheet conductivity of thin
silver ﬁlms as a function of ﬁlm thickness at l ¼ 1:55 mm.
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Fig. 4. Scattering parameters and absorption of the single-layer cut-wire metamaterial considered here. A resonance around 24 GHz is observed.
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Fig. 5. Retrieved electrical conductivity of the single-layer cut-wire metamaterial.
The full lines are the retrieved conductivity; the circles are a Lorentzian curve
ﬁtted onto the retrieved conductivity function.
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