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Abstract: We design 3D metallic nanowire media with different structures
and numerically demonstrate they can be effective homogeneous indefinite
anisotropic media by showing their dispersion relations are hyperbolic. A
nice fitting procedure is exploited to obtain the dispersion relations, from
which we retrieve the effective permittivities. The pseudo focusing for the
real 3D wire medium agrees very well with the homogeneous medium
having the effective permittivity tensor of the wire medium. Studies also
show that in the long wavelength limit, the hyperbolic dispersion relation of
the 3D wire medium can be valid even for evanescent modes.
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1.

Introduction

Recently negative index materials (NIMs) and photonic crystals (PCs) are getting more and
more attention because of its extraordinary optical properties like near field focusing, subwavelength imaging, and negative refraction [1-11]. As first proposed, these NIMs have the permittivity ε and the permeability μ simultaneously negative, which are achieved by overlapping
electric and magnetic resonances. But the double resonance scheme also causes large resonance
losses and technical difficulties in design and fabrication. In addition to negative index materials, both theoretical and experimental studies show that the properties of negative refraction and
subwavelength imaging can also occur in some uniaxially anisotropic media, which can have
lower losses and be easier to fabricate [12-21]. For a particular anisotropic medium, where the
permittivity component (ε⊥ ) along the direction perpendicular to the interface is negative while
all other permittivity and permeability components are positive, it has a hyperbolic dispersion
relation as follows:
2
k2
k⊥
−
= ω2
(1)
|ε | μ |ε⊥ | μ
where the definitions for ε⊥ , ε , k⊥ and k are shown in Fig. 1(b). Fig. 1(a) schematically shows
how negative refraction works in this particular medium. The group velocity can be calculated
by vg = ∇k ω (k), which specifies the direction of group velocity (energy flow) would be normal
to the equifrequency surface (EFS) and in the direction where ω is increasing. The conservation
of k indicates two possible solutions in the medium, but the correct one can be determined by
casuality - the refracted group velocity should point away from the interface, as shown in Fig.
1(a). From this figure, we can see that for isotropic medium, the circular equifrequency surface
forces the the refracted phase and group velocities to lie in the same line - antiparallel for
negative index medium while parallel for positive index medium. For anisotropic medium with
hyperbolic dispersion relation, they do not lie in the same line any more except for the case
when k = 0. To be normal to the hyperbolic curves and satisfy the requirement of pointing
away from the interface coming from the casuality, the refracted group velocity have to undergo
a negative refraction , which causes our expected focusing. (Note: the refracted phase velocity
for anisotropic medium still has a positive refraction.)
In this paper, we numerically demonstrate that this particular anisotropic material can be
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Fig. 1: (a) Top graph: Circular equifrequency surfaces (EFS) for vacuum and isotropic media.
Bottom graph: equifrequency surfaces for vacuum (circle) and negative anisotropic refraction
medium (hyperbolic relation). The incident phase velocity direction is indicated by black arrow,
which is parallel to the incident group velocity (red arrow) in vacuum. The refracted phase
velocity (black arrow) and group velocity (red arrow) in isotropic positive medium are parallel
to each other, while they are antiparallel in isotropic negative medium. In negative anisotropic
refraction medium, the directions of phase velocity and group velocity are not fixed. The wave
vector component k (blue arrow) parallel to interface is conserved. (b) The definitions for k⊥ ,
k , ε⊥ and ε used in our simulations.
realized by a 3D wire medium that can operate in optical region. Its numerically obtained dispersion relation shows the existence of a hyperbolic relation in the long wavelength limit and
then gives the effective permittivity of the 3D wire medium. The imaging for a homogeneous
slab with the effective permittivity shows a very good agreement with the real 3D wire medium.
All simulations about this effective homogeneous anisotropic medium are done by comsol multiphysics, an electromagnetic solver based on finite element method (FEM).
2.

Superlattice of metallic-air layers

Before discussing our results of 3D wire medium, simulations are performed for a superlattice
of metallic layers with ε = −4 and air layers with ε = 1 as shown in Fig. 1(b). These simulations are done to check the applicability of our idea that one can obtain negative refraction
and focusing in anisotropic media. Our simulation results show that there exist the negative
refraction in Fig. 2(a) and pseudo-focusing in Fig. 2(c). The focusing simulation is compared
with the ray-tracing diagram (Fig. 2(b)) and the imaging of a homogeneous anisotropic slab
with the effective permittivity extracted from the dispersion relation of the metallic-air superlattice (Fig. 2(d)). The effective parameters for ε and ε⊥ are obtained by extracting k from the
field distribution of a plane wave incidence inside the slab and then fitting with the hyperbolic
dispersion given by Equation [1]. The details of obtaining the effective parameters ε and ε⊥
will be dicussed below. One can see the pseudo focusing for the real metallic-air superlattice
agrees very well with the homogeneous medium.
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(d)

Fig. 2: Material parameters of the metallic layers: ε = −4, μ = μ0 ; Working frequency: f =
0.5 GHz; Space period of metallic layers: 0.06 m; Width of metallic layers: 0.02 m. (a) The
magnetic field distribution of the group negative refraction in the metallic-air layers array slab.
A gaussian beam with transverse magnetic polarization and an incident angle of 300 is incident
on the simulated metallic-air superlattice. The white line indicates the ray tracing result. (b)
A ray-tracing diagram showing the rays coming out from a line source are refocused by an
anisotropic medium slab with the effective permittivity ε tensor of our simulated metallicair layers array slab. (c) The magnetic field distribution of pseudo focusing of our simulated
metallic plates array slab with a line source placed 1.25 m from the interface, which launches
a cylindrical transverse magnetic polarized wave. The thickness and the width of metallic-air
layers array slab are 2.4 m and 6 m, respectively. (d) The magnetic field distribution of pseudo
focusing in the a homogeneous anisotropic slab with the effective permittivity of our simulated
metallic-air layers array slab (ε = 1.7293, ε⊥ = −0.7907).

Fig. 3: The magnetic field distribution
for negative refraction in a 3D gold-wire
square lattice medium with vacuum
background and the wavelength λ =
700 nm. The incident plane wave has
transverse magnetic polarization and an
incident angle of 450 . The permittivity
ε for gold is taken from experimental
data [22]: ε = −15.5931 + i 1.2734 at
λ = 700 nm. The radii, length of gold
wire and the lattice constant are 16 nm,
1532 nm and 70 nm, respectively. The
white arrow indicates the direction of
power flow.
3.

Obtain numerical dispersion relations

To check if the wire medium constitues our desired effective anisotropic homogeneous medium,
it is straightforward to obtain its numerical dispersion relation first. On this purpose, we exploit
a fitting procedure to extract k from the phase propagation. In the long wavelength limit, electromagnetic metamaterials should behave like a homogeneous medium. When a plane wave
incidents on a homogeneous slab with an incident angle θi , forms a stationary wave inside the
slab instead of a travelling wave because of the reflections in the two interfaces. Since k⊥ represents the field variation in the perpendicular direction, we can take a cross section along this
direction and analytically obtain the field distribution in the cross section by considering the
multireflections inside the slab as follows:
F(y) = A

e−α (y−y0 ) ei[k⊥ (y−y0 )+θ ] + reα (y−y0 −2d) e−i[k⊥ (y−y0 −2d)−θ ]
1 − r2 e−2α d e2ik⊥ d

(2)

Where y is the position in the perpendicular direction within the cross section, F(y) is the field
at the position y, A and θ are the field amplitude and the field phase at the starting point of the
cross section in the perpendicular direction y = y0 (i.e., the location of the first interface of the
slab), α is the decaying factor of the homogeneous slab, k⊥ is the perpendicular component of
the wave vector k, d is the thickness of the slab and r is the reflection coefficient in the two
interfaces.
By fitting the numerically obtained field distribution along the perpendicular direction in a
cross section with the theoretical formulas above, we can obtain the k⊥ inside the wire medium
slab for an incident plane wave with an incident angle θi . For k , we can easily get k = k0 sinθi
from the incident angle θi since k is conserved across the interfaces,where k0 is the wavevector
in the background. Consequently, we can have the numerical dispersion relation of the wire
medium by getting k and k⊥ for different incident angles.
4.

3D anisotropic wire medium

The first structure for the 3D anisotropic wire medium in the optical region is a 3D gold-wire
square lattice with the wire radius r = 16 nm and the lattice constant a = 70 nm in vacuum. Fig.
3 shows that the group negative refraction occurs when a plane wave with the wavelength λ =
700 nm and transverse magnetic polarization incidents on our simulated slab with an incident
angle of 450 , while the phase velocity still undergoes a positive refraction. Pseudo focusing

Fig. 4: The magnetic field distribution
of pseudo focusing in a 3D gold-wire
square lattice medium with a line source
placed 884 nm away from the interface,
which launches a cylindrical transverse
magnetic polarization wave at wavelength λ = 700 nm. The permittivity of
gold is the same as in Fig.3. The background is vacuum. The radii, length of
gold wire and the lattice constant are
16 nm, 2732 nm and 70 nm, respectively. The white arrow indicates the direction of power flow.

1.55
1.5
1.45

⊥

1.4

k

Fig. 5: The numerical dispersion relation data from simulation (solid circles)
and the fitted hyperbolic curve (dashed
line). All parameters are the same as in
Fig 4 except the length of gold wire is
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can also be seen from Fig. 4 , where the transverse magnetic polarized wave with wavelength
λ = 700 nm coming out from a line source is focused inside the simulated slab, then refocused
on the other side of the slab.
When the geometric parameters, the wire radius r = 16 nm and the lattice constant a = 70 nm,
are much smaller than the vacuum wavelength λ = 700 nm of the incident EM wave, the 3D
wire medium can be considered as an effective medium [23-25]. The numerical dispersion
relation of this 3D gold-wire square lattice medium is obtained and shown in Fig. 5. The effective permittivity ε⊥ = −1.9082 + i 0.2391 and ε = 1.4455 + i 0.0044 are obtained by fitting
the numerical dispersion data into the hyperbolic dispersion relation (Equation [1]). The fitted
curve (dashed line) shows the fitting is pretty good and the simulated metamaterial does have a
hyperbolic dispersion relation.
We also have used the Maxwell-Garnett equations [24, 25] to obtain the effective ε⊥ and
ε at λ = 700 nm for different filling ratios for the square lattice of metallic wires. In Fig. 6,
we present the fitted results for ε and ε⊥ for different radii, while keeping the lattice constant
unchanged. We use the following expressions for ε and ε⊥ from the Maxwell-Garnett theory:


(1 + f )εm + (1 − f )εd
ε = ε d
(3)
(1 − f )εm + (1 + f )εd

ε⊥ = f εm + (1 − f )εd

(4)
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Fig. 6: The effective permittivity ε⊥ and
ε calculated from Maxwell-Garnett
equations (solid lines) and numerical
simulations (squares) for different wire
radius. The simulated medium is a 3D
square lattice silver wire medium in
vacuum with lattice constant a = 20 nm.
The wavelength is λ = 700 nm. The
permittivity of silver at λ = 700 nm
is εsilver = −20.4373 + i 1.2863, taken
from experimental data [22] .
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Fig. 7: (a) The magnetic field distribution of focusing simulation for the simulated 3D gold-wire
square lattice anisotropic medium slab. (b) same as (a), but for a homogeneous anisotropic slab
with the fitted effective permittivity ε = 1.4455 + i 0.0044 and ε⊥ = −1.9082 + i 0.2391. (c)
and (d) are same as (a) and (b), respectively, but for the magnetic field intensity distribution.
All material parameters are the same as in Fig.4.
where f is the filling ratio of the metal, εm and εd are the permittivity of metal and dielectric,
respectively. Notice that the effective values of ε⊥ and ε agree reasonably well with our fitting
procedure. This is due to the effect that the vacuum wavelength λ = 700 nm is much larger than
the lattice constant and the radius of the metallic wires. In other cases, the effective parameters
given by Eqns. [3] and [4] do not agree with our fitting procedure.
For comparison, we replace this 3D gold-wire square lattice medium slab with a homogeneous anisotropic slab with the fitted effective permittivity ε = 1.4455 + i 0.0044 and
ε⊥ = −1.9082 + i 0.2391 (All other parameters are the same, such as thickness and width
of the slab, source and distance between the source and the first interface, etc.). The simulation
results for magnetic field distribution and magnetic field intensity are shown in Fig. 7. One can
see that both of them have very good agreements between the homogeneous slab and the 3D
wire medium . The excellent agreement proves again that our simulated 3D gold-wire square
lattice metamaterial has a hyperbolic dispersion relation and our fitting procedure works very
well.
To be experimentally feasible, the second structure we examine is a hexagonal lattice struc-

Fig. 8: The magnetic field distribution
in a 3D silver-wire hexagonal lattice
medium slab with alumina background.
The incident plane wave has transverse
magnetic polarization and wavelength
in vacuum λ = 700 nm. (a) normal incidence (b) at an incident angle of 300 .
The white arrow indicates the direction
of power flow. The hexagonal lattice
constant a, the radius r and the length
l of silver wires are 120 nm, 30 nm and
1700 nm, respectively. The permittivities of silver and alumina at wavelength
in vacuum λ = 700 nm are εsilver =
−20.4373 + i 1.2863 and εAl2 O3 = 3.1,
respectively, taken from experimental
data [22].
(a)

(b)

ture composed of silver wires in alumina background. Fig. 8 shows the magnetic field distributions along a cross section perpendicular to the magnetic field for two different incident angles
(00 and 300 ). For the incident angle θ =300 case (Fig. 8(b)), one can see that the group velocity
(white arrow) undergoes a negative refraction inside the simulated medium. A substantial decay
in the perpendicular direction for the magnetic field and the power flow exists for both of these
two different incident angles (Fig. 8(a) and Fig. 8(b)), since the lossy metallic wires have a very
high filling ratio in this particular wire medium.
By the same fitting procedure, the numerical dispersion relation for the 3D silver-wire
hexagonal lattice medium can also be obtained and is shown in Fig. 9(a). The lowest 4
points are used to fit with a hyperbolic dispersion curve and the effective permittivities are
ε = 5.3653 + i 0.0708 and ε⊥ = −2.9188 + i 0.4571. One can see that the large k points
deviate from the fitted curve, even though the lowest 4 points are fitted very well. That’s because we have a small wavelength/spatial period ratio around 3.3 in alumina, which causes the
breakdown of the homogeneous effective medium approximation in large k region.
To extend the “good fitted” region to a larger k range where the numerical dispersion points
can fit well into a hyperbolic dispersion curve, we reduce the hexagonal lattice constant and the
radius of silver wires to a smaller value a = 30 nm and r = 12 nm, respectively, while keeping
all other parameters the same as before, so that we can have a much higher wavelength/spatial
period ratio around 13. The fitted numerical dispersion relation is shown in
√ Fig. 9(b). The
lowest 10 points, which are propagating modes (i.e., k ≤ k0 , where k0 = εω /c and ε is
the permittivity of alumina.), are used to fit with a hyperbolic dispersion curve. The obtained
effective permittivities are ε = 22.1505 + i 1.4693 and ε⊥ = −13.7714 + i 0.6882. If we use
Eqns [3] and [4], the Maxwell-Garnett effective permittivities are given by ε = 25.8371 +
i 2.0791 and ε⊥ = −10.5614 + i 0.7466, which does not agree well with our fitting parameters.
In Fig. 9(b), one can see that the numerical dispersion relation data from our fitting procedure
are fitted very well into a hyperbolic dispersion curve, even for those large k points where
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Fig. 9: The numerical dispersion (solid circles) and the fitted dispersion curve (dashed line) of
3D silver-wire hexagonal lattice media in alumina background. (a) lattice constant a = 120 nm
and radii of silver wire r = 30 nm. (b) lattice constant a = 30 nm and radii of silver wire r =
12 nm. k ≤ k0 corresponds to the propagating modes in background, while k > k0 corresponds
to evanescent modes. All other√parameters are the same as in Fig 7. Note: all k components are
normalized by k0 , where k0 = εω /c and ε is the permittivity of alumina.
k > k0 , which are evanescent modes and essential for super-resolution applications.
5.

Conclusion

We present two anisotropic metamaterials that demonstrate negative refraction and focusing.
The first system is a superlattice of metal-dielectric structure and the second system is a threedimensional (3D) metallic wires embedded in a dielectric matrix. We first obtain the numerical
dispersion relation for the two cases by simulating the eigenmodes of the realistic system. The
hyperbolic dispersion relation is obeyed in both of the two cases, where the effective permittivities have opposite signs in the two propagation directions. Our simulations of the realistic
structures, as well as the homogeneous simulations show negative refraction for all incident angles and demonstrate focusing. The metallic nanowires can be valid for evanescent modes in the
dielectric background by having a large wavelength/spatial period ratio, which has important
applications in super-resolution.
In conclusion, we numerically demonstrate that an effective homogeneous indefinite
anisotropic medium can be realized by a 3D nanowire medium at optical frequency region,
which can have a negative refraction and pseudo focusing. We also present a nice fitting procedure by which we can obtain the numerical dispersion relation of our 3D wire medium and
then retrieve its effective permittivity. Meanwhile, we demonstrate that the hyperbolic dispersion relation of the 3D nanowire medium can be valid for evanescent modes in background by
having a large wavelength/spatial period ratio (i.e., in the long wavelength limit), which may
have important applications in super-resolution.
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